Inelastic neutron scattering is not only capable of determining a generalized vibrational density of states around the boson peak of a glass, but can also be used to get information on the eigenvectors. The eigenvectors determine the dynamic structure factor, which is Q 2 S(Q) (Q wavevector) for long wavelength sound waves. This enables the determination of the sound wave fraction below and at the boson peak, done for SiO 2 , B 2 O 3 , polybutadiene and amorphous germanium. The temperature dependence of the boson peak in silica and glycerol is shown. X-ray Brillouin scattering data show that the damping of the longitudinal sound waves in silica and glycerol follows the soft potential model ω 4 prediction in the limit of low frequency.
Introduction
An important part of Giancarlo Ruocco's scientific work was devoted to the riddle of the low frequency vibrations in glasses. Glasses have not only the low frequency longitudinal and transverse sound waves which one expects in an elastic solid on the basis of the Debye model, but also additional excitations, tunneling states and soft vibrations, which are clearly visible in the heat capacity, the thermal conductivity and the sound absorption at low temperatures [1] .
In scattering techniques (Raman, neutron and x-ray scattering), the additional soft vibrations appear as a broad peak between the frequency zero and the lowest Van Hove singularity of the corresponding crystal. At lower temperatures, it shows the linear temperature increase expected for harmonic vibrations, so it got the name boson peak. In the heat capacity (c p ) measurements, it appears as a peak in c p /T 3 around 5 to 10 K. Thus, the boson peak is not a peak in the density of states g(ω), but rather a peak in g(ω)/ω 2 , which is a constant in the Debye model.
The present paper summarizes the neutron scattering studies of the boson peak. As will be seen, neutrons are a good tool to study the vibrational density of states of a glass and are capable of providing information on the mode eigenvectors. However, if it comes to Brillouin scattering studies of the longitudinal sound absorption in the THz range, x-rays are much better than neutrons, because their energy loss or gain in the Brillouin scattering process is negligible. This advantage was established by the first x-ray Brillouin measurements in vitreous silica [2, 3] , for Giancarlo Ruocco the start of an impressive scientific career.
The paper focuses on the neutron results in section 2 and the low frequency limit of neutron and x-ray data in section 3. Section 4 contains the conclusions.
Neutron scattering at the boson peak
The theoretical basis for neutron scattering studies of the boson peak was supplied by Carpenter and Pelizzari [4] , who treated the scattering from low frequency sound waves in an elastically isotropic solid.
They separated the Brillouin scattering from longitudinal sound waves at low wavevector Q (that is, the one where x-rays are much better suited than neutrons) from the Q 2 S(Q)-signal at higher wavevectors, the Umklapp scattering, which contains contributions from all sound waves.
A nice feature of the Umklapp scattering from sound waves is that its intensity at a known temperature is given by the Debye density of states and S(Q), more precisely the elastic scattering S(Q) exp(−2W), which has the same Debye-Waller factor as the one-phonon scattering.
If the low frequency vibrations are not sound waves, their scattering and its wavevector dependence can be calculated from their density of states and their eigenvector. This property has been used to identify the modes at the boson peak of vitreous silica as coupled librations of SiO 4 -tetrahedra (see figure 1 ).
Vitreous silica happens to have a very impressive boson peak, with an intensity which is several times higher than the Debye level. Figure 1 (b) compares the measured data [5] in the boson peak frequency window to the predictions of Carpenter and Pelizzari [4] (the continuous line) for the sound wave scattering. It is clearly seen that the measured signal is not only a factor of four to five higher than the sound wave prediction, but that it also has a strongly different wavevector dependence (the dashed line shows the sound wave expectation multiplied by the factor six). It turns out that the measured wavevector dependence is well described by coupled librations of rigid SiO 4 -tetrahedra, a finding which has been corroborated in later experimental [6] and numerical [7] work.
The dynamic structure factor of the boson peak vibrations has been also measured in boron trioxide [8] and in polybutadiene [9] . In these two cases, one finds a mixture of the sound wave structure factor with a simple Q 2 -dependence, with the sound wave structure factor fraction extrapolating to the Debye density of states at zero frequency.
An interesting case is amorphous germanium, which does not have a boson peak and markedly less tunneling states than other glasses [10] . Instead of a boson peak, it has a low frequency tail of the lowest There is a Q-independent multiple scattering background, which can be disregarded. The sound wave scattering is low (the continuous line). When multiplied with 6, one sees that it still does not describe the data, which have the dynamic structure factor of coupled rigid SiO 4 -tetrahedra. Van Hove singularity of the crystal at 2 THz. In this tail, neutron data [11] find a mixture of sound waves and of the bond bending motion of the lowest Van Hove singularity. The boson peak in vitreous silica has an unusual temperature dependence (see figure 2) , with a strong hardening at increasing temperature [5] , being continuous even through the glass transition at 1473 K. Figure 2 compares the measured vibrational density of states [5] at 51 and 1673 K.
The usual temperature dependence of the boson peak, namely a softening with increasing temperature which becomes even more marked above the glass transition temperature T g , is demonstrated in figure 3 for glycerol [12] .
Low frequency limit of neutron and x-ray Brillouin data
Though both neutron and x-ray inelastic scattering data are limited by the instrumental resolution at low frequency, it has been possible to obtain information in substances with a relatively high boson peak frequency. Figure 2 and figure 3 show that for low enough temperature the density of states extrapolates to the Debye density of states, i.e., that the density g s (ω) of the additional soft modes tends to zero.
The way in which g s (ω) disappears is better seen in heat capacity data [13, 14] , which show a T 5 -increase, compatible with g s (ω) ∝ ω 4 . Figure 3 . The boson peak in glycerol at 120, 170 and 212 K [12] (the glass transition is at 187 K). This conclusion has been recently corroborated by numerical results [15] [16] [17] . In the first of these [15] , it was observed that all these localized soft modes have a positive fourth order term in their displacement potential. Both findings, a g s (ω) ∝ ω 4 and a positive fourth order term in the mode potential, are predictions of the soft potential model [18] for the low temperature anomalies of glasses, a model which considers tunneling states and soft vibrations as members of a common distribution.
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For the x-ray Brillouin data, the soft potential model predicts a damping Γ ∝ ω 4 , which results from the rise of g s (ω)
where Γ(ω) is the half width at half maximum of the Brillouin line, v l is the longitudinal sound velocity, l −1 res,vib is the mean free path of the longitudinal waves under the resonant interaction with the soft vibrational modes, C l is a dimensionless constant, and W is the crossover energy between tunneling states and soft vibrations. Equation (3.1) defines the Ioffe-Regel frequency ω IR , where Γ = ω/2π and the mean free path is equal to the wavelength. Table 1 shows that the soft potential fits of the plateau in the thermal conductivity for silica [18] and for glycerol [14] predict the Ioffe-Regel limit at the boson peak for both glasses. An alternative explanation of a damping Γ ∝ ω 4 is Rayleigh scattering from the static disorder. However, this explanation was found to be too weak to explain the strong sound wave damping in glasses [19] .
What one usually observes in x-ray Brillouin data, however, is not an ω 4 -increase (or Q 4 -increase, where Q is the Brillouin wavevector) of Γ, but rather Γ ∝ Q 2 , a behavior which was explained by Walter Schirmacher, Giancarlo Ruocco and Tullio Scopigno [20] in terms of a gaussian distribution of local shear restoring forces around the average one, based on Schirmachers theory [21] of the plateau in the thermal conductivity.
However, if one goes low enough in frequency, one begins to see deviations from the Q 2 -dependence. The first indications for an ω 4 -dependence of Γ were found in densified silica [22] and lithium borate [23] , [24] in vitreous silica at 320 and 1620 K with the soft potential expectation of equation (3.1).
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where one does not have soft potential fits. However, recent x-ray Brillouin scattering data [24] managed to find clear indications for a Q 4 -dependence of the damping Γ of the longitudinal sound waves in silica at the lowest accessible frequencies at 300 and 1620 K. These data are compared with the soft potential prediction of equation (3.1) in figure 4 , taking the soft potential parameters from table 1.
The soft potential paper [18] does only determine an average coupling constant for longitudinal and transverse sound waves, but for vitreous silica one knows from measurements [25] below 1 K that C is the same for longitudinal and transverse waves.
In the case of glycerol, the x-ray Brillouin data [26] show a clearly defined Q 4 -damping, which extrapolates to the Ioffe-Regel limit at 5.2 meV, in close agreement with the soft potential value of 4.8 meV in table 1.
Conclusions
In the foregoing, it was demonstrated that x-ray and neutron scattering can provide ample and complementary information on the vibrational soft modes of the boson peak. While x-rays are better capable of measuring the width and the position of the Brillouin peaks, neutrons suit well to measure the vibrational density of states as well as its temperature dependence. In addition, they are capable of providing information on the eigenvectors, as demonstrated in section 2 for vitreous silica.
The ongoing improvement of the x-ray Brillouin technique has made it possible to measure the deviations from a damping proportional to ω 2 at lower frequencies in vitreous silica [24] . In the present paper, it was shown that these deviations extrapolate to the low-frequency prediction of the soft potential model. In glycerol, the measured Q 4 -dependence of the x-ray Brillouin damping is close to the soft potential prediction. The agreement supports the hypothesis that the Q 4 -damping in glasses is connected to the ω 4 -rise of the density of vibrational non-phonon modes, seen in the low-temperature heat capacity and in recent numerical work, related to the tunneling states as postulated in the soft potential model.
